Abstract. Let H n be the n-th harmonic number and let v n be its denominator. It is well known that v n is even for every integer n ≥ 2. In this paper, we study the properties of v n . One of our results is: the set of positive integers n such that v n is divisible by the least common multiple of 1, 2, · · · , ⌊n 1/4 ⌋ has density one. In particular, for any positive integer m, the set of positive integers n such that v n is divisible by m has density one.
Introduction
For any positive integer n, let
The number H n is called n-th harmonic number. In 1991, Eswarathasan and Levine [2] introduced I p and J p . For any prime number p, let J p be the set of positive integers n such that p | u n and let I p be the set of positive integers n such that p ∤ v n . Here I p and J p are slightly different from those in [2] . In [2] , Eswarathasan and Levine considered 0 ∈ I p and 0 ∈ J p . It is clear that J p ⊆ I p . In 1991, Eswarathasan and Levine [2] conjectured that J p is finite for any prime number p. In 1994, Boyd [1] confirmed that J p is finite for p ≤ 547 except 83, 127, 397. For any set S of positive integers, let S(x) = |S ∩ [1, x]|. In 2016, Sanna [3] proved that
Recently, Wu and Chen [4] proved that
For any positive integer m, let I m be the set of positive integers n such that m ∤ v n . In this paper, the following results are proved. 
Proofs
We always use p to denote a prime. Firstly, we give the following two lemmas.
Lemma 2.1. For any prime p and any positive integer k, we have
Proof. For any integer a, let ν p (a) be the p-adic valuation of a. For any rational
Then n 1 ≥ 1. Write
where p ∤ a and (u n 1 , v n 1 ) = 1.
Now we have proved that n ∈ I p k if and only if n 1 ∈ J p ∪ {0}.
This completes the proof of Lemma 2.1.
Lemma 2.2. For any prime power p k and any positive number x, we have
Now we assume that x > p k . By Lemma 2.1 and (1.1), we have
This completes the proof of Lemma 2.2.
Proof of Theorem 1.1. Let m n be the least common multiple of 1, 2, · · · , ⌊n θ ⌋ and let ⌊n θ ⌋ denote the greatest integer not exceeding the real number n θ , where 0 < θ < 1 which will be given later. Let T = {n : m n ∤ v n }. For any prime p and any positive number x with p ≤ x θ , let α p be the integer such that
By the definition of m n and T ,
Thus, by Lemma 2.2, we have
where
+ 1 25 log p and δ is a positive constant less than θ which will be given later.
If p > x δ , then It follows from p αp ≤ x θ that
For I 2 , by p αp ≤ x θ we have
We choose θ = 1 4 and δ = 0.1. Then
It follows that the set of positive integers n such that v n is divisible by the least common multiple of 1, 2, · · · , ⌊n 1/4 ⌋ has density one. This completes the proof of Hence
By the inductive hypothesis, we have 
